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Related problems.

Perforated domain with Dirichlet conditions: Marchenko, Khruslov 78, Cioranescu,
Murat 82 (cloud of ice), Allaire 91 (Fluid flow past fixed solid obstacles), Dal Maso
(94...), Garroni, Casado Diaz, Mller...

Composites comprising traces of materials with extreme physical properties:
Khruslov 81, Caillerie Dinari 87, B. Bouchitté 98 (diffusion equations), Briane (Stokes)
03, B. Gruais 05, B. 12 (linear elasticity), Bouchitté Felback 06 (Maxwell equations)...

Common point: emergence of a concentration of energy arround the strong
components (or holes), in terms of a density of capacity involving the strong
components.

This capacity depends on
- the type of the equations,
- the shape the strong components (or holes).

"Classical p-capacity": S bounded domain of R”, V openset, SC V, 1 < p < 400,

cap(a; &V)::inf{/v\vwlpdy, YveWP(V). p=ain S }
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"Elastic capacity".

B. Arma 12 in the spirit of Villaggio Arma 86. a,acRdyg :=8ds,

Y e W, P(V;R),

cap’(a,a; S, V) :=inf /1‘(ey(1,b))dy7
%

P(y)=a+ Famg® Y—ys) inS
201 (0ve  Op 2 g
ey(¥) 3:a;:1 > (78}/3 + N ) e.® es + ; Tnei ©es

- notconstantin S: g € kerey.

-Infimum achieved if V is bounded.

- Fibered structures: n = 2.

cap’(a,a; S, V) : strain energy associated to the three-dimensional infinitesimal rigid
displacement of reduction elements {a, ﬁa} at ys of a two-dimensional rigid body
S immersed in a two-dimensional space V.

Appropriate notion to describe, in a fibered composite, the concentrations of strain
energy generated around the fibers by the three-dimensional infinitesimal rigid
displacements of their sections with respect to the embedding matrix.
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Basic properties of cap’.

Assumption: f strictly convex, c|M|P < f(M) < CI[M|P VM ¢ S3.
-Minimizing sequence in D(V; R3).
-cap(@,a; S, V) < C(S, V)(lalP + |alP),
-cap’(a, a; S, V) convex, continuous w.rt. (@, ).
-cap’ decreasing w.r.t. V, increasing w.r.t. S, continuous w.r.t. monotonous sequences.
Sc VicVe = cap(a,a; S, V1)>cap(aa S, Vo),
S1CSC V. ¥s,=ys,=0= cap’ (a fomglai Sy, V) < cap(@,ai Sy, V),
. s/
Unene T Sh= S = limn_s+o0 cap’ (a ( , S0 ;S ) = capf(@,a; S, V),
UneN* T Vh = V7 mneN* \L Sn =S
= limp_s oo cap (a, $amSh oy; S, Vn) =cap'(a,a; S, V).

-f p-positively homogeneous = cap’(a, a; S, V) = A2~ Pcap’ <a,a; 1s,1 V) )
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Continuity and lower semicontinuity in LP. Interchange of [ and inf.

(@,a) = [ cap/(a(x), a(x); S, V)dx strongly continuous,
weakly lower-semicontinuous in (LP(Q; R3))?

If (a,a) € (LP(; R3))2:

/ cap’ (a(x), a(x); S, V)dx = inf / f(ey(n))dxdy.
Q ne@@a:8,v)/xV

gp(a,a;S,V)::{n ELAQ: W P(VIR®), n(x, y) = a(x) + a(x) Ay in Qx s}.

2
diamS

If (a,@) € (C°(Q; R3))2,

/capf (a(x), a(x); SV)dx = inf{ / f(ey (n))dxdy | (@ D(V: %)) N (8, a; S, V)}.
Q QxV



Introduction Elastic capacity Application to homogenization References

Sobolev inequalities and Stokes paradox.

Minimum always achieved if p < 2 if we replace Wg’p( V;R3) by a larger space.

¥ € KP(ViR3),
ap’(a,a; S,V):=min< | f(e,())dy,
capf(a,; S,V) /v(y( D s

diamSa ANy =Ys) in S

— .\ P 5 2
Ky =DV 6wl oy ) ffowrea)t o=

«  \pF 1
Proof: apply the Sobolev inequality ( I dy) < C(f, IVylPdy)
Consequence: (a,a) # (0,0) = cap/(a,a; S,R?) > 0.
Minimum not achieved in general if p > 2 and V unbounded (Stokes’ paradox).
cap’(a,a; S, V) may vanish for (a,a) # (0,0) when V is unbounded.

cap’(a,0; S,R?) = 0ifp=2,
cap’(a,a; S,R?) = 0if p > 2.
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Asymptotic behavior of cap’ w.r.t. small sets. CASE p < 2.

Asymptotic study of cap’(a, 0; r-S, R:D) when 0 < r- < Re

EIiLnO =z capf(a,a; r-S,RD) = cap'm"p(a7 a; S, RZ).

5

p

foo:P(M) :=limsup;_, , f(g—g") p-recession function.

Proof: M large = f>>:P(M) ~ f(M).
p-homogeneous

~=
f foo.P
cap’'(a,a; 1S, R:D) ~ cap

(@,0;1.S,R-D) = r2Pcap’™ " (a,0; S, B= D)

Ie

—cap’ P (a,a;S,R2)

References
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Asymptotic behavior of cap’ w.r.t. small sets. CASE p > 2.

CASE p = 2, f quadratic. The sequences (cap(a, 0; r- S, R D)) and
(cap’(0, @; - S, R D)) show different orders of magnitude!

lim |log relcap’(a,0;.S,R:D) = a-A'a, A" es®; independentof S,
e—
cap/(0, Ces; 1= S, R-D) > Cl¢[*.

Proof: explicit computations in B. Gruais 05, B. 2012 if f(M) := % tr(M)2 + po| M.
Then use the proof of the homogenization result (tricky).

CASE p > 2.

cap'(a, ¢es; 1= S, R-D) > e (lalP +[¢[P) -
€
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Application to homogenization

Q := Q' x (0, L) be a bounded Lipschitz cylindrical open subset of R3
1 1

min Fg(us)—/f.ugdx, felf (@R, <7+7:1),
u. €W, P(Qr3) Q p p

(Pe) 4 F(u.) = /Qf\(Te(us))dx-i-ls /g(e(us))dx, e(u.) = %(Vus—s-VTug),

WyP(@Qi %) = { € WIP(@;2%), =0 on @ x {0}}.

- f, g strictly convex. c|M|P < f(M),g(M) < CIM]P YM € S, 1 < p < +oo.
-l > 1.

- simplified model of small deformation nonlinear elasticity (u. : displacement), or
Norton-Hoff model of viscoplasticity (u. : velocity).

References



Introduction Elastic capacity Application to homogenization References

The distribution of fibers T,

T : e-periodic set of parallel disjoint cylinders ( £ — 0) of cross sections of size

r. << e homothetical to some bounded Lipschitz domain S of R2.

Figure: the fiber reinforced composite
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The capacity density c¢/(a, ¢)

The limit problem depends on the pointwise limit ¢/(a, ¢) of the sum per unit surface of
the images under cap’(a, Ces; ., .) of the cross sections of the fibers with respect to
suitably larger sets

1
c'(a,¢) == lim —cap’(a,Ces; =S, R-D), 1. < R <.
e—0¢

Setting
2—p
_ ®Epny._ . _ _
+P):= |lmv Y(re) A (N=—7%fp#2 ~ P(r):= 2|Iogr\ it p=2,
we obtain
cf(a,¢) = v Pleap’™ " (a, Ces; S, R?), if 1<p<2,

c(a,¢) :=~+Pa-Alait¢=0, c(a():=+oc otherwise, if p=2,
c'(a,¢) =0 if (a,¢) =(0,0), c(a():=+oo otherwise, if p> 2.
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Critical case: 0 < (P < 4o

Occurs when p < 2 and 2 of order 1 or p=2and of order 1.

I
e2|log re |
= discrepancy between the displacements in the fibers and in the matrix.

Displacement in the fibers described in terms of (v, 8) weak limits in LP of

ve(x) = Z (][s'

(s, xS>dH2(s)> Ty (x) (= 9% (u:)(x)),
i€le re

=y fs( Y2y Lot (s )2 ($) 1y, () (= B2(ue)0)

iel:

_ 2flylPdy
~ diamS

where u. solution to (P;).

References
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Concentration of energy around the fibers

Displacement in the fibers T/ : uc(x) ~ v(x) + %093 A (x —xL).

N
% —-—-—':\

?w‘] (*)
O

—D

Concentration of energy in a small outer neighborhood of the fibers:

/ c'(v—u,0)dx  u:= weak limitof u. in W, .
Q
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Concentration of energy in the fibers. Case 0 < k < +co

Parameters k and x:

f2\3|

k := lim k. €]0, +o0]; k= lim rPk. € [0, +o0]; ke :
e—0 e—0
- k < 4o00: combination of extensional and torsional strain energies:
o 0
/ghom< V3 0 ) dX,
Q 8X3 0X3
where

ghom (a,B) € R2 inf k][g l(q7 a, ﬁ)) dy,

qeC>(S;R3)

2
4(q, a,8) :=ey(q) t3 5( Y261 © €83+ y162 O €3) + aez ® es.

References
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Case 0 < k < +00.
-Extra variables w, 6= weak limits in LP of (%) and (%)
€ €

Displacement in the fibers T,’E:
u:(x) ~ vy(x)eq + va(x)en + rew(x)es + des A (x — xL).

References
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Concentration of energy in the fibers when 0 < x < +oc0

Combination of torsional, bending, and extensional strain energies:

hom [ 02vi BPve Ow 96 4
g 2 7 2 k) b X?
Q Oxg  Ox5 Ox3 Ox3

where

g (Ci Coa B) ER* = in ][g‘“’ 3@, ¢1.C2. 2, 8)) dy.,

qeC>(S;R3)
g(q’ 41,42,3,,8) = l(q’ 37:8) - <Z Caya) e3 ®es,
a=1

9%P(M) := liminf 9(tM).

t—0+t tP

References
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Homogenisation result

Ify(P) > 0, (Ue, Ve, 0:) — (U, v, 8) weakly in WHP(Q; R®) x LP(Q; R®) x LP(Q) and, if
0 < Kk < o0, (évﬂ, %95) — (w, &) weakly (LP(R))? to (w, §), where, setting

Vil .= (v,0) P(v,0) := <%7 ﬁ) ifr =0,
0X3 OX3

vy 2w, dw 9

tuple .__ — |
v = (v,0,w,d8) P(v,0,w,d) = , , , if0 < k < 400,
( ) A ) <8x32 X2’ Ox3 ax3> " o

(u, vltPleY js the unique solution to

(phomy . min & (u, viurley — / f.udx.
(u,vtPle)e W) P(QR3) x D Q

ou. Vi) i= [ fle(u))ax -+ (v — u,0) + gm(P(VP) o,
Q
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The domain D

D characterizes the boundary and regularity conditions satisfied by (vFe):
D= {(v, 0) € LP(Q; R®) x LP(Q'; W'P(0, L)),
vs € LP(Q; W''P(0, L)), v = 6 = 0 on Q' x {0}}if 0 < k < +oo,
D= {(v, 0) € LP(R3) x LP(Q), v = 0 = o} if (k, k) = (+00,0),
D= {(v,e, w,8) € LP(Q; WBP(0, L; R3)) x LP('; W''P(0, L)), va=0=0,
wW=d=V, = % =
0X3
D :={(0,0,0,0)} if Kk =k = +oo.

0on Q' x {0} (a € {1,2})} if 0< K < +o00,
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Non-periodic distribution of fibers.
G: C @, G finite, arbitrary

sup #GeN(ei+eY) < oo, lw—w'| > de > re,
>0, icz2 w,w EGE wFw’
T.(G):= |J T¥¢, T¢:=8Yx(0,L), S¢:=(w+rS),
weGe
(Pe(Ge)): deduced from (P ) by substituting T, (Gc) for Ty, .

e, ()= 3 #(Gn (i +eY) Ley(x) D n,

i€72, eiteYCQ

Theorem

The solution to (P-(G:)) weakly converges in W,;’p (2 R3) to the unique solution to

(Phom,n) . min q)(")(u, Vtuple) = / f.udx,
(u,vluple)ewbrp(Q)XD(”) Q

where

(M (u, yivpley — / f(e(u))dx + / c(v — u,0)ndx + / g™ (P(v!“P€)) na.
Q Q Q
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Random distribution of fibers.

0= {w EZ]RZ, V(w1,w2) sz, wy # wy = |w1 —wz\ > d},

Ge(w) == ewn {x € Q, dist(x, Q') > 5v2¢}
- By the Borel o-algebra generated by the Hausdorff distance on ©O.
-P probability on (O, Bo) such that P(A+ z) = P(A)Vz € Z,VA € By
- F o-algebra of the Y-periodic elements of By
2
-nNy:w €D — np(w) ::ﬁ(wﬂ [f%,%[)
—Eano conditional expectation of ny given F with respect to P.

There exists (ex)ken and M € By with P(9) = 0 such that, for all w € O \ N, the
solution Ue, (w) to (Pe, (Ge, (w))) weakly converges in W;’p (2; R®) to the unique
solution u(w) to (Phom: EF mo(w)y.
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