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Abstract

Two main objectives have been fulfilled in this project. Firstly, the study of the required background
material and relevant topics in analysis used in classical and non-classical homogenisation. This
was followed by the study of recent work and development of new tools on the propagation and
localisation of elastic waves in highly anisotropic periodic composites.
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Introduction

It is known that the behaviour of a composite material is often different to the behaviour of
its constituent parts, reinforcing or in some cases exhibiting different behaviours to that of its
independent constituents. It is desirable to know how the behaviour of a composite material is
affected by the constituents that make it. This leads to (even in the simplest of cases) complicated
boundary value problems for partial differential equations (PDE’s) that cannot be solved directly by
analytical or numerical means. Let us show this with an example. Consider the following problem

f(x), inQ (1)
0, on 0. (2)

— div (a(z)Vu(z))

u

This equation is known to be the governing equation of many physical effects, such as for example
heat flow through a body Q. In this case f is a heat source, u(x) is the temperature at a given
point z € Q and a(x) is the thermal conductivity of the body 2. Other physical examples which
this system of equations governs include electrical conductivity, linear elasticity, electrostatics, etc.

Now if we were to add periodically throughout the material a second material (with a different
thermal conductivity) such that no two pieces of this second material where less than ¢ apart, we
would have produced a composite material with the temperature at any point in the composite
being governed by (1)-(2). Now the thermal conductivity is described by

a(z) = 1 in component one
| 72 in component two.

As we can see the coefficient to the PDE depends on the parameter ¢ and if € is small, which is the
case for composite materials, then the coefficient will be rapidly oscillating.

Homogenisation theory has been developed over the last few decades to deal with problems of this
form, that is to find a way of tackling PDE’s with rapidly oscillating coefficients. If the coefficients
of a PDE depend on a small parameter e, where u® is the solution of the PDE, then by taking a
sequence of positive ¢ that tend to zero we will produce a corresponding sequence of solutions {u®}.
The aim of Homogenisation theory is to answer the following questions: Does this sequence {u®}
converge to some limit u® as e — 0? If so then does there exist some ‘limit PDE’, which admits
u? as a solution, and are the coefficients of this PDE independent of ¢? If this limit u? exists, how
well does it approximate the original solution u®?

The “classical” homogenisation is used to study heterogeneous materials with moderate contrasts
in its physical properties. In classical homogenisation, the homogenised limit solution approximates
the original solution well but does not account for a number of microscopic effects that may be



present. The presence of high-contrasts between the coefficients in the matrix and inclusion has
been shown to account for some of these effects. For the heterogeneous medium by choosing the
coefficients within the ‘inclusion’ to be of the order of a small parameter §, then sending § and ¢ to
zero is known as high-contrast homogenisation. High-contrast problems require the development
and tools of “non-classical” homogenisation.

In Section 1 we shall review the results of classical and high-contrast homogenisation for a periodic
isotropic composite material. First the classical result shall be stated and then the high-contrast
result shall be derived by the method of asymptotic expansion. These results will then be applied
to the wave equation and we shall see formally how waves of certain frequencies do not propagate
through the material, a phenomenon know as the ‘band-gap’ effect, to be present in the case of
high-contrasts. Section 2 is dedicated to mathematical justification of the homogenisation problem,
reviewing the functional spaces that are important to analysis of partial differential equations,
highlighting how in the case of classical homogenisation for periodic composites the asymptotic
expansion can be formally justified with the use of the Lax-Milgram lemma. The method of two-
scale convergence is also reviewed here, along with an example of how two-scale convergence is used
in the case of high contrasts. Section 3 expands on the recent work in [1] with the consideration to
the specific case of isolated inclusions. In this section we find the limit solution for the elastodynamic
equations of motion for a more general class of partially high-contrasting elasticity tensor C*. Then
we shall study the example of spherical inclusions consisting of an isotropic elastic material (in R?)
with Lamé coefficients p ~ O(e?) and A ~ O(1) in R3. This section ends with a look at the
mathematical justification of the solution to the unit cell problem for this particular example. In
Section 4 we give a brief review of the important properties of Lebesgue integration. Finally we
finish with a discussion of possible further developments of the work present in section 3.

Notation

Throughout this thesis we shall adopt the Einstein summation convention, i.e. we sum over repeated
indices. For example n;a;jn; = Z” NN .

u () denotes the partial derivative of u with respect to the x;th variable, i.e. %.

X any linear space.

||z||x the norm of x € X, when X is a normed space.

X* the dual space of X, i.e. the space of linear continuous functionals on X.

(u,v) denotes the inner product between u,v € X, when X is an inner product space.
(F,v) denotes the image F'(v) for v € X and F € X* .

C5°(€2) denotes the space of infinitely smooth functions with compact support in 2.
CF (Q) denotes the subspace of C*°(R") of Q-periodic functions.

|, denotes the value of the function f in Q;, for i =1,2.

D[; C(Q)] denotes the space of functions on 2 x R such that u(z,-) € CZ(Q) for any z € Q and
the map = — u(z,-) € C3(Q) is infinitely differentiable with compact support in .

LP(Q; X) denotes the set of measurable functions u : z € Q +— u(x) € X, where X is a Banach
space, such that ||u(z)||x € LP().



Chapter 1

Classical and Non-classical
homogenisation for an isotropic
medium

1.1 Problem formulation
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Figure 1.1: The periodic geometry and a periodicity cell @) with isolated inclusions

Let us consider (see Figure 1.1) a heterogeneous material occupying €2 with periodic isolated inclu-
sions. Let Qo C @ be the inclusion and @1 = Q\Qp the matrix, with I' = Qo N Q1 being the smooth
boundary between matrix and inclusion. Setting y;(y) for ¢ = 0,1 to be characteristic function of
Q; extended by periodicity to R", €2 is divided into two subdomains 2 and €:

Qi ={zeQ|x (2)=1}, Q={zeQ|x, (&) =1}.

I = Q5N



1.2 Classical homogenisation

Let us consider the following linear second-order elliptic problem

— div (a (£> Vu€> = f(z), inQ (1.1)
3
u® =0, on 0N. (1.2)
where a°(z) = a (%) Let us assume a(y) is strictly positive definite, a(y) > v,Vy,v > 0 and
Q-periodic with period 1, fé(z) = f (a;, %) is allowed to be locally varying. It is well known and
easy to show (see section 2.3) that the limit problem of (1.1)-(1.2) is
F(x), inQ

— divg (quO(x))
U 0, on 012,

0

where a = (a(y) (VyN—i—I))Q

<a(y) (%—2[7 +5¢j>> and F(z) = (f(z,y)). N;j(y) for j = 1,2,...,n is the Q-periodic solution
‘ Q

to the following problem:

is the homogenised matrix, written in component form a;; =

—div, (a)V,Ni(w) = -y i Q (L5)
(N;w)),, = 0. (16)

Here and anywhere else in the paper we shall use the following definition
<f(hy) >qi= /Qf(-,y) dy, ye€Q. (1.7)

Notice that @ is a constant matrix and the limit solution u° depends on z only.

1.3 Non-classical homogenisation

We shall now consider the linear second-order elliptic problem (1.1)-(1.2) for a heterogeneous ma-
terial with highly contrasting inclusions

Ww={5 )

With the following boundary conditions which are imposed on the internal boundary I"
uwly = ', (1.8)
<x> out (m) out
al— =al-—
e/ on |, e/ On
which can be physically understood, in the context of linear elasticity for example, as the continuity
of deformation and traction across the interface between the two materials.

(1.9)

)
0



Let us seek an asymptotic solution of the form
uf(z) = u® (w, g) + eulV) (x, g) + 2 <a:, g) + 0(e%),

where u(©) (z, y), uM (z,y) and u® (z, y) are Q-periodic in y. From substitution into (1.1) we arrive
at the following system of equations

~Au0 =0, yeqQ, (1.10)

_Ayu(O) = f(fl',y), Yy € QO; (111)

~AuM =0,  yeQ, (1.12)

~Au® = f(z,y) +2V, - Vyu + A0,y e (1.13)

With substitution of the asymptotic expansion into the boundary conditions (1.2),(1.8) & (1.9)

results in the following boundary conditions

u<0>‘1 =u®| . yer (1.14)

”iag;j) = 0, yerl, (1.15)

n; ag;j) 1 .y 85; —0, yerl, (1.16)
nf?ﬁ%—mag; = iaggjj) 0, yel. (1.17)

Multiplying (1.10) by u(9) | integrating over the region @i, then applying integration by parts and
equation (1.15) we see that Vyu(o) = 0 for y € Q; which implies u(9(z,y) = up(z) in Q1. This
result and equation (1.11) lead to the assumption that u" has the form

u® (2 ) = uo(z) y e
V(e.y) { uo(z) +v(z,y) ¥y € Qo (1.18)

Note this form is formally justified with the use of two-scale convergence (see Section 2.4). Upon
substitution of (1.18) into (1.11) and (1.14), we see v(z,y) is the solution to the following system
of equations

—Ayv(z,y) = f(z,y), ye€Qo (1.19)
v(z,y) =0, yel. (1.20)
Seeking a solution of the form u(Y(z,y) = Nj(y)giw?, where N; is @ periodic, from (1.12) and (1.16)
we see that Nj, for j =1,...,n, is a solution to the following system of equations
~AN; =0, ye@ (1.21)
ON;
(=L +5,) =0 yeT. 1.22
w (G +b) =0 (122
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Using Green’s second identity

/ (vAu — uAv)dx = / ’u% —u@ ds
Q o0 on on

for u = u®(z,%), v = 1 in the domain @y, along with (1.13) and (1.17), gives us:

0%ul 0%u’ v ou?
92~ 470 Vdy=— ) ds, 1.23
/1 (f(x’y) " Ox;0y; " 3333) Y /r(n oy " 3$i> (1.23)
we see from (1.11) and applying Green’s second identity to u = 1, in @, that
n; dv ds = Avdy = f(z,y)dy.
r 9y Qo Qo

Also notice via divergence theorem
/ V-Fdx= F-ndS
Q )
that

dug dug ON; 0%ug
s (s [ 5 (. N
/Fn Vzu dS /Fn ( A% <8a:j>)ds 1vy ( A% (8xj)>dy 0, O 3%8%(1}’

Therefore (1.23) reduces to the following boundary value problem, which is the homogenised prob-
lem

—div (AhomVuo) =< f(x,y) >4, nQ (1.24)
up =0, on 0} (1.25)

where A?jom = le (% + 5@‘) dy.

As we can see the main difference here to the classical homogenisation problem is that the limit
solution u° retains information about the fast variable 3 as well as the slow variable z. Looking
at the form of the limit solution u?, we see can see that ug is the slowly varying ‘homogenised
average’ of the original solution as captured in classical homogenisation, while v(z,y) describes
the rapid oscillations of the solution within the inclusion. These “microresonances” are unique
to non-classical homogenisation and (as we will show) account for phenomenon not described by
classical homogenisation. Section 2.4 gives a formal derivation of the homogenised limit problem
for the high-contrast problem via the method of two-scale convergence.

1.4 Wave propagation

Let us consider the homogenisation problem for the wave equation:

ptit — div (a (g) Vu5> = f(x,t), inQ (1.26)
u® =0, on 0N (1.27)

11



here we assume for simplicity that p > 0 is constant. Let u®(z,t) be identically zero for t < 0,
feé(x,t) = f (ac, f,t), where f¢(z,t) =0 for t < 0. Also "represents differentiation with respect to
time. Seeking a time harmonic solution, i.e. a solution of the form u®(z,t) = e~™'u°(z), w being

the frequency, the problem (1.26)-(1.27) then becomes
_di z e) — Ml i
div (a (z—:) Vu ) Auf,  in Q (1.28)
u® =0, on 0f2 (1.29)

where A = pw?. As we can see this is a linear second order elliptic Dirichlet problem of the form
(1.1)-(1.2) with f¢(x) replaced Au®. Upon deriving the homogenised equations for the classical
and high-contrast homogenisation problems, we will show that the presence of the microscopic
resonances v(z,y) lead to band-gap effects being formally shown in the high-contrast case but not
present in the classical setting.

Let us consider (1.28)-(1.29) in the classical setting described in section 1.2, we arrive at the
following limit problem

—div, (&Vuo(az)) =l(z), inQ (1.30)
u’ =0, on 9N. (1.31)

Let us seek a plane wave solution of the form u%(z) = Aelkr ) where A is the amplitude, k
is the wave number and n is the unit vector describing the propagation direction. Upon simple
substitution into (1.30)-(1.31) we arrive at

k2n - an = M. (1.32)

It is well known (see [4],[3]) that if a(y) is positive definite, then so is the homogenised matrix a,
therefore n;a;;n; and X are positive. Then we see that £ > 0 and we have propagating waves for
all frequencies.

Now let us consider the limit problem for (1.28)-(1.29) in the high contrast setting described in
section 1.3. From the derivation of (1.24)-(1.20) we see that the form of the limit problem will not
be altered if we change the function f. So upon replacing f¢(z) by Au® we arrive at the following
homogenised problem:

—div (AhomVuo) =X (uo(a:) + (v(z, y)>QO> , inQ (1.33)
up =0, on 0 (1.34)

—Ayv(z,y) = A(uo(z) +v(z,y))  y € Qo (1.35)
v(z,y) =0, yel. (1.36)

As we can see the system of equations (1.33)-(1.36) are coupled. Seeking a solution to (1.35)-(1.36)
of the form v(x,y) = Aup(x)V (y) the coupled system then becomes

—div (Ahomvuo) = B(Nuo(z), inQ (1.37)
ug = 0, on 0N (1.38)

12



—Ay)V(z,y) = AV(y) =1, yeQo (1.39)
V(y)=0, yer (1.40)

where B(A) = A (1 +A <V(y))Q0>. To decouple this system we would have to find a solution for

(1.39)-(1.40), if it exists, then evaluate G(\). Assuming that this is possible and continuing the
analysis, seek a plane wave solution ug(z) = Ae(**™) and substitute into (1.37)-(1.38) giving

[an : (Ahomn> - ﬁ(A)} A=0. (1.41)
As having an amplitude of zero will result in a trivial solution we then deduce that
kn - (Ahomn) ~ BN =0, (1.42)

since A1°™ is positive definite, then negative values of k2 will occur if 3(\) < 0. This will result in
exponentially decaying solutions. Therefore if there exists such values of A that result in a negative
valued [ waves of that frequency cease to propagate.

1.5 Example of band gaps in isotropic high-contrast model

Let us now consider an example that will explicitly show band-gap effects, that is, show that
there exist certain values of A for which waves can not propagate. We shall consider the ex-
ample Q@ = R3, @ = [~1/2,1/2]® and the inclusions are balls in R3 with radius a, that is
Qo = {:B = (71,29,73) € Q | 23 + 23 + 23 < aQ}. Clearly T is the surface of the ball and let a < 1/2
so that the inclusions are isolated.

First concerning ourselves with (1.39)-(1.40), seeking a solution of the form V =V — 1, gives

“AV(y) = AV(y) =0, yeQ (1.43)
Viy) = % yel (1.44)

(1.43) admits a general solution of the form V = ﬁ sin (\A|y\>, upon substitution into (1.44) we
find A = {cosec (\Aa). So (1.39)-(1.40) admits the solution

sin \f
V(y) = %cosec (\Aa) (\yf\‘m) - % (1.45)

From (1.45) and (1.7) we see that

sin \f
<V(y)>Q0 = / ;cosec (\f)\a) (‘yf\‘yo - % dy

= ;cosec (\[\a)/ Wdy—i@o‘

0

T

13



7 is evaluated by transferring to spherical co-ordinates and noticing the function to be integrated
is radially symmetric. Upon using integration by parts we arrive at

1 =4r [i si (ﬁa) - \% (a cos (ﬁa))}
with |Qo| = 3ma®, we arrive at
<V(y)>QO = MTG [/1\ — \lﬁ\ (acotan (\&a)) - C;T

resulting in

3 A

as we can see (3 takes on negative values for an infinite number of values of \.

BN =X (1 _ Ama® n dma [1 — VAacotan (\[\a)})

14



Chapter 2

Rigorous formulation and appropriate
analytic tools

As mentioned in the introduction, homogenisation theory is concerned with finding if a sequence
of functions {uf} ‘converges’ to some limit u°, then finding the homogenised problem for which u°
is a solution of. In order to attempt to address these problems we need to first define the space of
functions in which our sequence lives.

2.1 Space of functions

Concerning ourselves again with the problem of a heterogeneous medium with periodic inclusions,
as mentioned previously it is necessary to impose continuity of solution and flux across the boundary
where the matrix and inclusion meet. Looking at the continuity of flux condition:

a(y) gnil, = a(y)§enil,, yeT (2.1)

where n is the outward normal to the inclusion Q. We can see directly from (2.1) that Vu is
discontinuous. This means to justify the problem mathematically we have to take into account
these discontinuities when defining the appropriate space in which the solution u exists.

Let us introduce the LP spaces for 1 < p < oo. These are spaces of functions which are integrable
with respect to the Lebesgue measure (see Section ?7), furthermore these spaces are normed vector
spaces (Banach spaces) for their respective norms. More rigorously

Definition 2.1.1. If 1 < p < oo then LP(2) comprises of all Lebesgue measurable functions f on
Q for which [, | f[Pdx < co and

= ([ rf\p)l/p for f € L7(Q) (22)

L*>°(Q) comprises of all essentially bounded Lebesgue measurable functions on 2 and

[flloc = ess supg|f| for f € L™(02) (2.3)

15



Taking into consideration the discontinuity of the gradient of u is done by considering a ‘weak’
derivative, which, is a variation of the derivative of ‘sufficiently’ smooth functions for those which
are not so smooth. The definition of a weak derivative is as follows

1
loc

Definition 2.1.2. Suppse u,v € L, (), we say that v is a weak derivative of u, written as

_ou
VT oz
provided
dp o0
u——dx = — [ vedx, Vo € C5°(Q) (2.4)
o Ox 0

Note that in general this definition of the weak derivative can be extended to include higher order
derivatives (the « - weak derivative where « is a positive integer, see [5]. We now concern ourselves
with Sobolev spaces, that are spaces of functions in which the function and its weak derivatives (up
to a certain order depending on the Sobolev space) belong to LP. Let us introduce the H' space
given as

ou

aﬂfi

which is a Hilbert space (a Banach space equipped with an inner product) with the following norm

HY(Q) := {u | u € L*(Q), — € L*(Q) for each i = 1,2,... n} (2.5)

lull 1) = llullz2i0) + [[Vullp20)- (2.6)

2.2 Convergence

Upon defining the appropriate Sobolev space W for which the sequence of solutions {u°} is a subset
of, does this sequence convergence? In the case of homogenisation the questions that arise then
are for a particular problem does the sequence of solutions {u®} C W converge to a limit u € W
and if so how can we find this limit, i.e. what is the problem in which «° is the solution. There
are various methods that address the problem of convergence, we shall outline how in the case of
elliptic PDE’s convergence is tested using Lax-Milgram’s lemma.

Lax-Milgram’s lemma states

Lemma 2.2.1. (Lax-Milgram) Let a be a continuous bi-linear form on a Hilbert space H and
let ' € H* be a linear continuous functional. Assume that a is coercive on H. Then the problem
(called the variational equation)

Find v € H such that

a(u,v) = (F,v), YveH 27)

has a unique solution v € H. Furthermore
lullz < C|[F || (2.8)

where C' is a constant.

16



By definition a bilinear form is coercive on H if for any v € H there exists a v > 0 such that

a(v,v) > v|oll3. (2.9)

There is a well known result from functional analysis that states for a Hilbert space H, a bounded
sequence {u} C H up to a subsequence weakly converges to a limit u’ € H. Then if it upon
writing the homogenised problem in its variational form the assumptions of Lax-Milgram’s lemma
are satisfied, then via (2.8) we have a bounded sequence of solutions {u®} and up to a subsequence
weakly convergence to some limit u°. The problem that remains then is to find if all of the sequence
weakly converges to this limit «°, which will be true if u° is independent of the subsequence, i.e. u°
is a unique solution to some limit problem that is independent of €. To find uniqueness of the limit
we must first find the limit problem. If the limit problem is an elliptic problem then as mentioned
above it is sufficient to apply Lax-Milgram lemma. Furthermore (in this case) bounds of the norm
given by (2.8) can be used to approximate the original solution u¢ to the limit solution u". Note
that finding the limit problem requires the use of other analytical tools such as, in the case of
periodic homogenisation, compensated compactness and two-scale convergence.

2.3 Formal justification for limit problem of classical homogenisa-
tion problem

Here we shall consider the classical homogenisation problem for a heterogeneous periodic medium.
Let us consider the following problem:

_div (a (g) Vu5> — f(z), nQ (2.10)
u® =0, on 0N (2.11)

where f¢(z) € LQ[Q,H#(Q)] We shall consider an isotropic material, i.e. a;j(y) = a(y)d;; where
a(y) is Q-periodic and for 0 < a < 8

alé]? < ai;&& < BIEP, VEER™ (2.12)
Let us define

HY(Q) := {ue H'(Q) such that the trace of u on I' equals zero} (2.13)
where from Friedrich’s inequality
lull i) < CllVull2), Yue HZ(Q), C constant
it can be shown that H& has the following equivalent norm

lull s = /Q IVl d. (2.14)

Multiplying (2.10) by a function ¢ € C§°(£2) and integrating by parts we arrive at
/ a (g) VutVe dx = / ffodx, ey () (2.15)
Q Q

17



which in light of Riesz Representation theorem and the fact that L*(Q) ¢ H-1(Q) (H 1(Q) =
(H&(Q))*) we can rewrite (2.10)-(2.11) in the following variational form
Find u € H}(Q) such that

2.16
a(u,v) = (F,v), Yové€ H&(Q) ( )

where

a(u,v) = /Qa (g) VuVu dx. (2.17)

Equivalence of (2.10)-(2.11) and (2.16) can be seen by using our definition of a weak derivative
(2.4) on (2.15). As we can see (2.15), known as the weak form of our problem, is more convenient
as it contains all the information about the problem in one equation.

To find uniqueness of the solution for (2.16) we need to satisfy the assumption of the Lax-Milgram
lemma, that is to show coercivity and continuity of the bilinear form (2.17). Coercivity can be
easily shown from (2.12) as follows

a(v,v) = /Qa (g) VoVu dx

Za/ IVol? dx.
Q

As saying a bilinear form is continuous is equivalent to saying the form is bounded, we can show
that from conditions of a(y) and Cauchy-Schwartz inequality that our bilinear form is bounded:

T
/Qa <g> VuVou dx
< BIIVull 2o [IVYll 2 ()

The above two calculations used the fact that (2.14) defines a norm on H{ (). Therefore due
to Lax-Milgram lemma u° is unique and bounded. Furthermore the sequence of solutions {u®}
corresponding to the problem (2.10)-(2.11) for different positive values of € (which are tending to
zero) is bounded and up to a subsequence weakly converge to some limit u°.

la(u, v)| =

As mentioned in Section 1.2 and can be shown ([4],[3]) by the use asymptotic expansions, our
solution u has the following form

O)
() = w0 @) +2Noy) e+ O(?)
where u()(z) solves
— div, (&VU(O) (1:)) = F(z), inQ (2.18)
u® =0,  ondQ (2.19)

where @ = (a(y) (VyN + 1)), F(z) = (f(x,y)) and N(y) is the Y-periodic solution to the following

problem:
da

—divy (a(y)VyN;j(y)) = o,

i=1,2,...,n. (2.20)

18



Mathematical justification for the form of the asymptotic expansion requires to show that solution
to the auxiliary problem (2.20) exists. Multiplying (2.20) by a test function ¢ € C§°(Q) and
integrating over () we arrive the variational problem

Find u € Hy(Q) such that

2.21
a(u,v) = (F,v), Yve H;#(Q) (2:21)

where
a(u,v) :/ a(y)VuVu dy (2.22)
Q

Here we can not prove coercivity for the whole space H}}#(Q) because (2.9) does not hold for the
function u© = constant, which is indeed a function of the space H#(Q) This can be overcome by
the projection lemma (see [6]), that states for a Hilbert space H, let V be a (closed) subspace of
H. Then every € H can be uniquely written as ¢ = v + w where z € V and w € V. Then if
we let V' be the space of constant functions from H#(Q) then it is sufficient to prove coercivity for

V., which can be easily seen from the definition of the H#(Q) norm to be

vi= {u € H;E(Q) such that (u)Q = O}

We can then see from Poincare’s inequality

alln () SC’{(/Qudx>2+/Q|Vu|2dx}

HUHH;#(Q) < ClVullrzq), veE v+ (2.23)

that

and therefore

x
= — ) VoVu d
a(v,v) /Qa(€> vVou dx
Za/ Vol dx
Q
a
2 5”””1{#(@)

which, as boundedness can easily been shown in the same way as before, Lax-Milgram’s lemma
gives us existence and uniqueness of v € V1. Extending this back to the space H#(Q) we have
existence and uniqueness upto a constant of the solution to the auxiliary problem (2.20).

It can also be shown that since a is positive definite, the homogenised matrix & is positive definite
and since the homogenised problem is an elliptic boundary value problem, arguing the same way
we did for (2.10)-(2.11) the solution u® to (2.18)-(2.19) exists and is unique. Therefore we know
that u* — u® in H}(2). Furthermore it can be shown ([4],[3]) that

(0)
0 — u® (2) — en, 2

" O, (@) < Ce',

where C' a constant independent of ¢.
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2.4 Method of two-scale convergence

In this section we are going to introduce the definition of two-scale convergence and some of its
properties (see [2] for proof of properties). Two scale convergence uses test functions which depend
on both scales z and Z, the structure of these test functions make them the natural choice of being
able to formally justify the two scale asymptotic expansion as we will shown soon in the case of
a high contrasting medium. Another benefit of two-scale convergence is we obtain convergence
without having to know the structure of the limit problem, where as in section 2 the convergence
of the sequence of solutions {u¢} to the limit u° could only be shown after finding the homogenised
equation a and showing it was elliptic via other means (see [3], [4] using auxiliary periodic problems).
Let us introduce the definition of two-scale convergence

Definition 2.4.1. A sequence of functions u®, in L?(f) is said to weakly two-scale converge to a
limit u%(z,y) € L?(Q x Q), if, for any function ¢(x,y) € D[S; CF(Q)], we have

lim Qua(az)gi) (x, g) dxz/ﬂ/@uo(z‘,y)qﬁ(:c,y)dxdy

e—0

Notice that from definition 2.4.1 that two-scale convergence implies weak convergence. That is u® —
u where u = ﬁ /. 0 u®(x,y), if u’(x) then two-scale convergence coincides with weak convergence.
Let us now introduce a few properties of two-scale convergence

Theorem 2.4.2. Let u® be a bounded sequence in L?(£2), where Q is an open bounded set in R”™.
There exists a subsequence that two-scale converges to u(x,y) € L?(2 x Q).

Theorem 2.4.3. Strong two-scale convergence

Let u® be a sequence of functions in L?(Q) that two-scale converges to a limit u°(z,y) € L?(Q x Q).
Assume that

ii_ff(l) w20y = 4]l L2(axq)

Then, for any sequence v¢ that two-scale converges to a limit v*(x,y) € L?(2 x Q), we have
w(@)ei(a) = [ e (a)dy
Q

In section 1.3 we derived the homogenised problem for a high-contrast medium via asymptotic
expansions. We shall now re derive these equations via the method of two-scale convergence. So
we are concerning ourselves with a material made up of two components that are periodically
distributed throughout the domain © with period @), where @ = [0,1]" is the unit cell. Letting
component one (the inclusion) occupy (¢ and component two (the matrix) occupy Q1 = Q\Qo.
Setting x;(y) for i = 0,1 to be characteristic function of Q; extended by periodicity to R",  is
divided into two subdomains 2 and €:

Q5 ={zeQ|x (2) =1}, & ={reQ]x (2)=1)

we shall assume that 2] is a smooth connected domain. Let us consider the following problem

—div (a (g) Vu‘E) = f(x), inQ (2.24)
u® =0, on N (2.25)
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where f¢ € L%Q;Li(@)) and bounded. Let

a(y) = x, (g) +e%x, (g) (2.26)

Theorem 2.4.4. The sequence of solutions {u°} to (2.24)-(2.25) two-scale converges to the limit
u®(z,y) = uo(x) + xo(y)v(z,y), where (ug,v) is the unique solution in H} () x L?[€; Hé#(QO)] of
the homogenised problem

_div (AhomVuo) =< fr,y) >, TEQ (2.27)
up =0, x € 0N (2.28)

—AyU(I,y) = f(x,y), Yy e QO (229)
v(z,y) =0, yel (2.30)

where A?jom = le (% + 5@‘) dy.

We shall now state the following inequality without proof
w2y < C [HVUJHLZ’(Q@ + e[| Vw| 2 (2.31)

for any function w € H&(Q), where C'is a constant independent of . If we then multiply (2.24) by
u®, integrate over €2, then with the use of integration by parts and (2.25) we arrive at

[ aw vefay= [ fuay (2.32)
Q Q

Using Holder’s inequality on (2.32) we have

[P ay| = | [ Fuds| < iflolelog = Clilee @3
where C' independent of €. Then we see from (2.32)
HVUEH%%Q;) < HVUEH%%Q@ +82HVUEH%2(Q(E)) < Clluf|[ 20

where last inequality is from (2.33). As we know that the problem (2.24)-(2.25) has a unique
solution via Lax-Milgram lemma and we know that the solution is bounded we have the following
estimate

[Vu||p2(0s) < C (2.34)

where C' is independent of ¢, note that C' is a different constant from above but denoted by same
symbol for brevity. A similar argument results in

V| r2s) < C (2.35)
also note that (2.34),(2.35) and (2.31) give
2oy < C (2.36)

We know from Theorem 2.4.2 that bounded sequences have two-scale convergent subsequences.
Therefore we know upto a subsequence u(z), x1 (£) Vus(z),exo (£) Vus(z) two-scale converges to
a limit no(z,y),n(z,y),n2(x,y) respectively. The limits can be worked out and the results and
proof appear in [2], we shall just quote the results:
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Lemma 2.4.5. There exists functions ug(z) € H}(Q),v(z,y) € LQ[Q;Hé#(QO)], and ui(z,y) €
L2[%; H# (Q1)/R] such that

no(z,y) = uo(z) + xo(y)v(z,y)
m(z,y) = x1(y)[Vuo(z) + Vyui (z,y)]
x2(y)Vyv(z,y)

3
(V)
—
&
<
~—~
I

Proof of Theorem 2.4.4 Let us choose a test function of the same form as the asymptotic expansion

¢(x)+egr (x, 2)+ (2, 2), where ¢(z) € D(Q), d1(z,y) € D[ CF(Q)] and ¢(z,y) € D[ CF(Q)]
with ¥ (x,y) = 0 when y € Q1. The form of this test function is taken after seeing the structure
of the limits given above. Multiplying (2.24) by the test function and integrating over the domain,

/Q—div[a(y)VuE] <¢( ) + e <w —) + X0 (x) v (:c, g)) dx =

/E —div[Vu®] ((b(:v) +edq (ZL‘, %)) dx + /E —div[e?Vu©] <¢(x) + ey (x, g) + U (ZL’, g)) dx =
e (e (] motzoce [ o) oo (f v o+ ]

4é3 stu ;;ldx_/gfe <¢( ) + e (:c f)+x0( :)¢(x,§))dx

Passing to the two-scale limit we have

[ 9@ + V(o) (Vo) + Voo dsdy + [ ,0w,)V,00 pixdy
Q 1 QJQo

l//fxy %) + xo(y)¥(, 1)) dxdy

we have

(2.37)
Notice that the two-scale limit of f¢(x) is f(x,y) because the sequence f¢(x) is bounded and
Q-periodic in g therefore upto a subsequence we have weak convergence in L%(Q) to its mean
value (f(z,y)), and therefore two-scale convergence is established. By density (2.37) holds for any
(¢, p1,7) € HE(Q) x LQ[Q;H#(Ql)/R] X L2[Q;H8#(QO)]. Where by definition this space has the
norm
[Vuo (@)l 220 + IVur (@, ) 2(0x0.) + VO, 9) | 22(0x00) (2.38)
Therefore coercivity of a(u,v) is easily established as a(v,v) equals the norm given by (2.38). That
s (2.37) admits a unique solution (u,u;,v). Integrating (2.37) by parts one more time, while
making the substitution u!(z,y) = N<(y)%, where {N}; = N;(y) are @ periodic functions for
J,1,...,n, gives us the variational form of (2 24)-(2.25)

//1—d1v (I + VyN(y)] Vug(x ))ﬁb(x)dxdy—/ﬂ/Qo Ayv(z,y)y(z, y)dxdy

:/Q<f(:v,y)>Q ¢(x)dx+/ﬂ/Qof(a:,y)w(x,y)dxdy

(2.39)
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Chapter 3

Partially high contrasts in isolated
elastic inclusions

In the recent paper [1] the wave propagation in periodic elastic composites with highly contrasting
and highly anisotropic stiffnesses where considered. The results showed that for an elastic tensor
of the form )
C, zey
CE — ’ 1
(@) { 200+ 0% reqp

under the usual assumptions of symmetry and positive definiteness on C?, C', with C? being
symmetry and non-negative, band-gaps where present in the frequency spectrum of waves allowed
to propagate. Furthermore directional propagation was shown, that is waves that would propagate
in certain directions while cease to propagate in others. In the paper [1] a restriction was made on
C? to find the homogenised problem, resulting in directional propagation being formally shown for
a limited number of cases. In this Section we will show that for the case of isolated inclusions that
the restriction can be removed from the problem formulation and via a different approach arrive
at the same homogenised limit problem (given in [1]) and the same results mentioned thereafter.
Then we shall consider a specific example, which does not satisfy the mentioned restriction, in an
attempt to show the presence of band-gaps. For this example we shall in the same spirit as Section
2.2 try to justify the asymptotic expansion used.

3.1 Asymptotic expansions

Let us consider a “two-phase” heterogeneous periodic elastic material occupying €2 with highly con-
trasting and highly anisotropic constituents as described in section 1. Consider the wave equation

pif (z,t) — div C%e® = f© (x,t) (3.1)

with boundary conditions

u®|

1 u8|0> O-iajnj|1 = Ufjnﬂo (3.2)

which physically represent the continuity of the displacements and of the tractions across the
interfaces respectively. Here n is the unit outward normal to )f. The strain tensor o is given by
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o = Ce(u), where

6ui 8uj
eij(u) = +

U( ) 6a:j 8;&

is the displacement vector. The density and the elasticity tensor are given by

_ P1, xGQi € _ Cla ZEEQ?
pe(x)_{ o zeqs M@= 200 02 e

where C°(y), C'(y), C?(y) are symmetric tensors, given by:
Cijpq = Cjipg = Chpaij (3.3)

and C"(y) for r = 1,2 is strictly positive definite, given by:
@ijCying0pg > 0, for any symmetric tensor o, o # 0 (3.4)

while C2(y) is considered to be non-negative. Also the coefficients of the tensors C°(y), C1(y), C?(y)
and p°(y) are Q-periodic with period 1. Let f¢(x,t) = f¢ (;r, f,t) be a source term which may or
may not locally vary. We are going to find the limit problem to (3.1)-(3.2) by the method of
asymptotic expansion. That is we are going to consider the following formal expansion

us(z,t) = u® (:E, g,t) + euM (fc, g,t) +e2u® <x, g, t) + O(?) (3.5)

In Appendix A you can find the exact derivation of the results given in the remainder of this section.
We see that from (5.10) u(©(z,y,t) = u®(z,t) in Qy, which implies we look for a solution of the
form

0
(0) _ u (w,t), z €, yte
u @wi%—{u%%@+u%%ﬂ,xeﬁ,y€Qo 30

where from simple substitution of the solution of this form into (5.6)-(5.8), together with the

continuity condition u°|; = u®|g, gives us the solvability condition for v(z,v,t), namely:
0 v
—— (G} =2 ) =0, €N 3.7
dy; < s ayq> Y ° (3.1
Ov
2 P, _
v(z,y,t) =0, yeT (3.9)

From (3.7) and (3.9), using integration by parts we see:

0 ov v, Ov;
a, Oy; \ Py, 0, "7 Oyq Oy;
————

>0

which implies

ov
cz —L=0 3.10
Jpq 8yq ( )
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The function v(z, y, t) which solves (3.7)-(3.9) is clearly not uniquely determined (if a solution exists
at all), moreover we can see that the system also admits the trivial solution v(x,y,t) = 0 which if
was taken to be the solution to our problem would revert us back to the classical homogenisation
case. Also note that if C? was indeed positive definite then the only solution that would be admitted
is v(z,y) = 0. Let us introduce from this point a space of functions which are admissible solutions
to (3.7)-(3.9), that is

V= {v € Hy(Qo) such that (3.7),(3.8) & (3.9) hold.} (3.11)
We also find that
T UO
NE" (y) Gt (x, 1), yEQ
ul(,l)(x,y,t) = (3.12)

ou? o)
Ngr(y)a%:(%t) - erZ($7y>t)a Yy e QO-

N is Q-periodic and is a solution of the problem (5.14)-(5.16), which expressed in it’s weak form is

T a oo
/ Ciipg (NP + 6pr6sq) a—?dy =0, VeeCx(Q). (3.13)
Q Yj
Our homogenised system of equations is
(P)g, i + (pgi))QO — div (Chomvud) = (flg, =€ (3.14)
P [po (i 4 ©) — div, (C'Vyv)] = P[], (3.15)

where CP™ is the homogenised matrix C’glj%r; = fQ Cijpq (Oprgs + Ngk) in component form, § is

the Kronecker delta function, xo(y) is the characteristic function of Qy and Cjjp, = XOCi2qu +
(1= xo) Cilqu'
Where P is the orthogonal projection on the space V, namely P f = Pg means
[ ww dy= [ g dy ey (3.16)
0 0

3.2 Weak formulation

As discussed in Section 2, the weak formulation is a convenient and powerful way of writing our
governing equations. To this end we shall construct the weak form for our homogenised problem.

Let us multiply (3.14) by an arbitrary function z(x,t) € [C§°([0,00)); HY(2)] and integrate over
our domain €2 x [0, c0)

/ / / pild z; dxdydt + / / / potizi dxdydt — / / / Cijpg (Oprdgqs + NJB) up) 5,z dxdydt
o JalJg o JaJgo o JaJq U
= / / / fiz; dxdydt
0 QJQ
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Taking (3.15), integrate over the domain, we get

Ov, Ow;
;) iy dxdydt oo P zdddt
[ s asasacs [ ][ g asay

(3.18)
:/ / fiwi dxdydt
0 QJQo
Extending v, w € V by zero into () in (3.18) and combining (3.17) we arrive at
> Ovp, Ow;
hom, 0 0 Z'p e
/ / Cilipg Up,gi; dxdydt + / / / 999 9y, Dy dxdydt

; (3.19)

/ // u —H}Z (% + ;) / //f, zi + w;) dxdydt

for any (z,w) € [C§°([0,00)); HYH(Q)] x V =: W.

3.3 Example problem

Let us consider the following problem, let f = 0, let our “two-scale” periodic composite elastic
material with highly-contrasting and highly heterogeneous constituents occupy 2 C R3. Let the
inclusions be isolated spheres of radius a. Let the material within the inclusions be governed by
the linear isotropic elastic tensor with Lame coefficients u ~ €2 , A ~ 1, such that our elasticity
tensor within the inclusion is of the form

Cijpa(y) = e? (0ipdjq + Gigdjp) + 0ij0pq; y € Qo (3.20)
The homogenised problem for the wave equation is then
x € (3.21)

y € Qo (3.22)

(o), i+ (poi), — div (Chomwo)
P [po (&0 + 1) — divy (C°V,0)]

OO

We shall consider time harmonic solutions, that is u®(z,t) = e(®Yu0(z), v(x, y,t) = e“v(z, y), so
(3.21)-(3.22) reduces to

—div (ChomVu()) =A ((p)Q u® + <pov)Q0) , x€Q (3.23)
P [—div, (C°V,v)] = ApoP [(u” +v)], Yy € Qo (3.24)

where A = w?, (u,v) € W. We will follow the same approach given in [1] and seek a solution to
(3.21)-(3.22) of the form

vi(,y) = A1gi (y)uy (). (3.25)

It can be easily seen that " € V. Upon substitution of (3.25) into (3.23) we have
—div (C’homVuo) = B(A)u°, r €N (3.26)
(3.27)

26



where

Bij(A) = A(p)g 6ij + A* <po77{>Q : (3.28)
0
From substitution of (3.25) into (3.24) shows n" € V solves

P [ div (C°Vn") = Apon”] =P poe’], y € Qo (3.29)
n" =0, yel. (3.30)
where e” is the unit co-ordinate vector. Now let us apply this to our specific example (3.20), we

immediately see from (3.10) that V becomes the space of divergence free functions that disappear
on the boundary I', that is

Vi={ve Hy(Q) | Vy-v=0, y € Qo v|p = 0} (3.31)

and (3.29) reduces to
P [An" — Apon"] =P [poe"],  y € Qo (3.32)
(3.33)

from (3.16) the above equation can be rewritten as
/ i j;wi — Apon; widy = / poriwidy, Yw eV (3.34)
Qo 0

we shall recall the fact that the orthogonal of divergence free functions are the gradients (see [4]).
Then from (3.34) we have

An" — Apon" — poe” = Vp, y € Qo.

A simple substitution n" = n" — % above and we arrive at the following Stoke’s problem

An" —Apon” =Vp, y€ Qo (3.35)
V=0, yeq (3.36)
1
n =—e, yel. (3.37)
A
As we can see (3.35) and (3.36) for a given r = 1,2,...,3 is a system of four equations with four

unknowns (7", p). This problem has yet to be solved.

3.4 Justification of solution to Unit Cell Problem

Although the asymptotic solution shows us that we can find a limit solution and a system of limit
equations, it is only justified if indeed the unit cell problem (and then the homogenised problem)
does have a solution. To this end is necessary to find existence and uniqueness of the solution to

r a o0
/Q China (NPT + Sprag) a—;dy —0,  Vee O (3.38)
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for the specific example of
Clipg(y) = 81j0pg, y € Qo (3.39)

We can see that

a(u,v) = /Q C’Z-lquup’qvm dy Jr/ (V-u)(V-v) dy, u,v € [H#(Q)]n (3.40)

0

n
Let us define an equivalent norm for [H;#(Q)] which we are going to use. That is

2
l|w|| g1 —/ IVul* dy + (/ udy> (3.41)
#@ Q Q1

To apply Lax-Milgram lemma it will be necessary to prove coercivity of (3.40). First notice that if
v € V where

V= {v IS [H#(Q)]n | v = constant for y € Q1,V-v =0 for y € Qo}
which we see that straight away for v € V' then
a(v,v) =0

and we therefore do not have coercivity of the bilinear form. We shall consider the space of functions
that are orthogonal to V. By definition

Vi={we [H#(Q)]n | (w,v) =0,YoeV}.

Let us now find explicitly the orthogonal space V. From (3.41) we have that the inner product
n
of the Hilbert space [H#(Q)} is

(w, ) :/Q(Vw) (Vo) dy + </w dy) </v dy). (3.42)

First of all let us consider the function v = ¢, where ¢ is a constant, clearly v € V' and then (3.42)
reads

(w,v) = ¢ </1 w dy> . we [Hy(Q)]" (3.43)

so for (w,v) = 0 then

</1w dY> =0, we[HLQ)]". (3.44)

Now let us consider all functions v € V which are equal to zero in Q1. This will cover the remainder
of the functions in V' not equal to a constant because any function v € V' can be written as v = ¢+,
where c is a constant and

5= { 0 ye

V-o=0 ye€ Q.
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Therefore we have, via integration by parts

<w,v>=/0<w>:<w> dy=- [ v-dway,

0

which leads to the necessary condition

/ v-Awdy=0, wveV,we [H#(Q)]n (3.45)

0

It is known ([4]) that divergence free functions are orthogonal to gradients, which implies
For y € Qo : Aw = Vo, where ¢ € L*(Qo). (3.46)
So we have found explicitly the orthogonal space to V, i.e.

vi= {we [H#(Q)]n such that (3.44) and (3.46) holds. } (3.47)

Conjecture:

For w € V*, the bilinear form (3.40) is coercive on V. That is there exists v > 0 such that

/ (C'Vw) : Vu dy+/ (V-w)? dy > 1// |Vw|? dy, Vw e V+
Qo Q

1

Outline of Proof

Since we know that C' is symmetric, positive definite then for a given 14 > 0

C'Vuw : Vw = Cle(w) : e(w) > vy |e(w)]? (3.48)
Therefore
/ (C'Vw) : Vu dy +/ (V-w)? dy > 1/1/ le(w)|? dy+/ (V-w)? dy
1 0 Q1 0
21/1/ [Vaw|? dy+/ (V-w)? dy
1 0

> min {r,1} (/Ql IVwl? dy+/O(V-w)2 dy>

where the first inequality is give by (3.48) and the second inequality comes from Korn Inequality,
which states that there exists a constant C' such that

/ IVw|?dy < C le(w)|*dy, Ywe V>t
1 Q1

Therefore we see what we are left to prove is the following conjecture:

There exists v9 > 0 such that

/ V| dy+/ (V-w)* dy > ,,2/ Vw|® dy, VYweV*t (3.49)
1 0 Q
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This has not yet been proved. One possible direction is to take 0 < v5 < 1 then it would be
sufficient to show (if possible) that there exists such a number 5 such that

/ (V-w)? dy > ug/ Vw|? dy,  VYwe V>
Qo Qo

If n =1 (one-dimensional case) then the above inequality is easily shown to be true as

(V-w)? = |Vuw|*.
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Chapter 4

Brief review of Lebesgue Integration

As we have seen in the previous sections, the results from functional analysis have been fundamental
to homogenisation theory. To use this analysis it is necessary that the spaces we are working in are
complete normed vector spaces (Banach spaces). In the theory of homogenisation we are concerned
with spaces of integrable functions. It turns out that the set of all Riemann integrable functions is
not complete which is why a more general form of integration is necessary that will accept more
classes of functions and will form a complete set of integrable functions. This led to the notion of
Lebesgue integration and the spaces of Lebesgue integrable functions (LP spaces). In this section
we are going to review the basic principles of Lebesgue integration and (without proofs) some of
the properties of Lebesgue integrable functions. The material here was provided is taken from [7].

To find the area ‘under the curve’ of functions we will first need to define a concept of how to
measure the area of geometric objects of any shape. One way of doing this is by comparing the
area of the object to that of a shape with a known area for example a rectangle. For objects which
can not be ‘fitted’ exactly with a finite number of rectangles, for example see figure 4, we can
approximate the area of this object with a finite number of rectangles and in the limit of sending
this number to infinity we would find the area of the object. To mathematically define this concept,

Figure 4.1: Area of a geometric object being approrimated by rectangles.

we will introduce the definition of a o-algebra:

Definition 4.0.1. A o-algebra on a set X, is a family ¥ of subsets of X satisfying:

1. Xe¥
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2. Se¥ = X\5 €3, (closed under complements)

3. S,eXv¥neN=[J7,S, €3, (closed under countable unions)
where (X, ) is called a measurable space. We also call the members of ¥ measurable sets.

As we can see from the definition of a o-algebra, if we have a geometric object (X) and we cut it
up into an infinite number of arbitrarily small rectangles (S,,), then the set off all the rectangles
and the ‘left over bits’ will form a X of X. All that is left to do then is to find a way of measuring
the area of each individual element of ¥ in such a way that adding all of these areas together would
find the area of X. This idea leads to the following definition of a measure:

Definition 4.0.2. p is called a measure on the measurable space (X, ) if

1. p: ¥~ [0,00]
2. n(@)=0
3. if {Sp}o2 C X are disjoint then p (Uy2y Sn) = D oneq 16 (Sn) -

(X, X, n) is called a measure space.

As we can see from our intuitive discussion above of how to measure the area of our object X,
we would cut our shape into rectangles (possibly taking an infinite number of rectangles to do
so) forming our ¥, then as we know the area of each rectangle exactly (property 1 of definition
4.0.2) and that adding all the squares together will reconstruct our shape X we use property 3 of
definition 4.0.2 to find the area of our shape X.

As any function that satisfies definition 4.0.2 is a measure we are going to be concerned with the
following measure, called the Lebesgue outer measure. First we define P(R™) as the set of all
subsets of R™, also if I = (a1,b1) X ... X (an,by) is an open rectangle in R™ the volume of I is given
by [I| = (b —a1)(b2—az2) ... (b, —ay). Let us also say that the empty set ) is a rectangle of volume
0.

Definition 4.0.3. Let S € P(R™). The Lebesgue outer measure of S is given by

o0

mo(S) = inf{ZHn

n=1

{I,}:7, a countable cover ofS by open rectangles} .

The first property to note is that if I C R™ then mqg(I) = |I|, so the Lebesgue outer measure of a
rectangle is its area. Also note from the definition of the Lebesgue outer measure that it is not a
measure on P(R"™), so we need to restrict ourselves to a subset of R™ for which it is a measure.

Definition 4.0.4. A set S C R" is called Lebesgue measurable if

mo(U NS) +mo(U\S) =mo(U), foral U e PR")
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The family of all Lebesgue measurable subsets of R" is denoted by ¥7. ¥, is a o-algebra of R and
the restriction of mg to X, is called the Lebesgue measure denoted by m, where m is a measure
on (R",¥r). Now that we have mathematically defined a measure that describes the process of
covering objects with squares to find it’s area let us show how this is applied to finding integrals.
Let us define a measurable function

Definition 4.0.5. Let (X,Y) be a measurable space and let f : X — R. We say f is a (%)
measurable function if
{x e X| f(z) > a} € X for all a € R.

A Lebesgue measurable function on R” is therefore a function that is measurable with respect to the
measurable space (R",X,). We shall see in a moment why this abstract definition of a measurable
function is important. First let us introduce the notion of simple functions:

Definition 4.0.6. Let (X,Y) be a measurable space. A non-negative simple function on X is a
function ¢ = Ele CnX 4, Where ci,...,cx € (0,00), x, is the characteristic function of A and
Ay, ... AL €N

Now the abstract definition of measurable functions becomes clear with the following theorem (with
proof given for visualisation).

Theorem 4.0.7. Measurable functions are monotone limits of simple functions

Let f be a non-negative measurable function on a measurable space (X,Y). Then f is the point
wise limit of an increasing sequence of simple functions on X.

Proof Let n € N and write

Aj={zeX|j27" < f(x) < (j+1)27"} for 0 < j < n2",
Apgn = {z € X| f(x) >n27"}

which are (from definition 4.0.5) measurable sets. Now (see figure 4) for x € X, set

n2m

Op = ZjT"XAj =max {{€{0,27,2-27",3-27" .. n}[{< fa)}
j=0

Then each ¢, is a simple measurable function, 0 < ¢, < pn+1 < f, and @, — f as n — co.
O

Now it is easy to see what the integral of a simple function is, which is for a measure space (X, X, y1)

we define
K

/X edu = Z cntt(Ap).

n=1
Since we know that a non-negative measurable function can be represented by a monotone limit of
simple functions, this leads to the following definition
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Figure 4.2: Approzimation of a function by simple functions.

Definition 4.0.8. Integral of non-negative measurable functions Let (X, X, 1) be a measure
space, f: X — [0,00] a non-negative measurable function. We define

/deu=Z{/Xsodu‘<psimple,0§s0§f}-

So in analogy to finding the area of a geometric object. We have taken the area ‘under the curve’
as our object X, then cut it into horizontal strips of height ¢ for which the area is known then
taken then area to be the sum of these horizontal strips in the limit of ¢ — 0.

To extend this concept to all functions not just non-negative ones, we define the positive part and
the negative part of a function f : X — R to be f4 (z) = max{f(z),0} and f_(z) = —min (—f(z)),.
for € X respectively. Therefore f = f, — f_ and |f| = f4+ + f—, where is can be shown that if f
is measurable on X then so is fy, f_and|f|. Where the integral of f is then given by

/deuz/Xf+du—/Xf—du-

We say that if both integrals on the right hand side are finite then f is integrable. From this
definition we finally arrive at the definition of LP spaces of Lebesgue measurable functions.

Definition 4.0.9. Let (X, X, ;) be a measure space. If 1 < p < oo then £P(X, 3, u) comprises of
all ¥-measurable functions f on X for which [ |f|Pdx < oo and

1/p
1l = ( /. Ifl”du) for f € LP(X, 5, ) (4.1)

L>(X,%, ) comprises of all essentially bounded ¥-measurable functions on X and

[flloo = ess supx|f| for f e L™(X, 5, u) (4.2)
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Although from the outset we can not define ||f||, as a norm, we can do the following. Define
LP(X, %, 1) to be the set of equivalence classes of LP(X, X, 1) under the equivalence relation f ~
g & [ = gae Define [f]+ [g] = [f + g], A\f] = [\f], where f,g € LP are the finite-valued
representatives of their equivalence classes, A € R and define ||[f]||, = [|f]|, for f € L£P. Then
it can be shown that as || f||, = 0 if and only if f = 0 a.e. then [f] = 0, and therefore ||[f]]|,
defines a norm. Also it can be shown that LP(X, 3, ) satisfies the axioms of a vector and therefore
LP(X,3, p) is a real normed vector space. Finally it can be shown that LP(X, X, i) is complete (i.e.
a Banach space). It is important to note that Riemann integrable functions as well as functions
which are not Riemann integrable can be classified as Lebesgue integrable functions.
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Chapter 5

Discussion

In this section we shall look at how the problem of in Section 3 could be developed further. In
particular looking at the problem of propagation of elastic waves in the heterogeneous material
with non-isolated inclusions.

When seeking an asymptotic solution of the form (3.5) to (3.1)-(3.2) then as shown we arrive at
the following set of equations

o ( . ou o 1 o
oy (Cz'qu Byq = R (Cijpqtipa) » y € Q1 (5.1)
o [ ., ou o ( o [0,
ayj (Cszq 8yq ay] C’L]pq axq + up,q ) Yy € QO (5 )

These equations have to be satisfied for either non-isolated or isolated inclusions. This form of
corrector problem has the additional coupling term

0 5 Ovup
dy; (Ciqu Oxq >

that is not present in the corrector problem’s for the homogenisation problem (3.1)-(3.2) for mod-
erate or highly contrasting coefficients of C®. This extra term was accounted for in the project with
the introduction of solution of the form

oul(z,t)

u)(,9,6) = NI () =5 22 o,y e Qo
where 5
1) — Yp
v Yo

We can immediately see v() is not periodic so the solution u(!) is no longer periodic. Although
this is overcome in the case of isolated inclusions by solving the problem on the reference cell @
then extending the solution by the periodicity of (). This of course would not hold for non-isolated
inclusions because of the intersection of the inclusions with the boundary of (). Therefore to solve
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the problem in non-isolated inclusions requires the solution to (5.1)-(5.2) to be periodic. Seeking a

solution of the form y
Uy (T, T
) o, 1) = N7 () P2 1)
Ts
where NI" are the solutions of the linear elastic “unit cell” problems with periodic boundary

conditions, which solves

i 8 o0
/ Cijpq (Nslf,q + 5107“5511) a(p} dy =0, Vi € Coor(Q).
Q Yj

Similarly, vél) are periodic solutions of the cell problem

81);(;1) Ov, \ Op .
/QCqu (ayq + o2, 67yjdy =0, VpeCpl(Q).

Here C(y) := x,(y)C+ (1 —x, (y))C? with x, being the characteristic function of Q. Without the
restriction present in [1], for the case of non-isolated inclusions, it unclear on how to proceed. This
is precisely because the solution vV is constrained by v, which ‘strengthens’ the coupling between
their corresponding equations and the equations of solvability for «(2). This leads to an interesting
open problem of formulating the homogenised problem for the case of non-isolated inclusions with
the removal of the restriction presented in [1].

A final note on this problem is, that, although the wave equation was studied for an elastic material,
it can be used to study a wider range of physical problems. One possible example is to use this
problem in context of electromagnetism and study Maxwell’'s equations for the propagation of
electromagnetic waves through an highly anisotropic two-phase heterogeneous material with the
constituents having both moderate and highly contrasting physical properties.
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Appendix A

Upon substituting (3.5) into (3.1), we arrive at the two following equations

9 ol ) ol 9
_92 1 -1 1 1
€ {_ayj (Ciqu 3; ) te { <prq 3; + o 8y prq

2) 0 1)7]
el 1pq (93? ayq . l]pq (%cq ayq

Pt

Oz

8u§;0
Oz,

(0) (17
0 (0) i 2 aup 8“27 2 dup duy,
ve {pau 2 (0[8 ayq ) (c [ .

rd | o, A,

fla yeQO

and substituting (3.5) into (3.2) gives:

>_

8u,()0)

)

0

y;

1jpq

(0)

0 0 0 1
1ot au;(; ) ) 8uz() ) . oL 8u7(3 ) n auz(, ) I
e gy, UPa gy J e\ o, g J
1 1
2 1
oL 8u§, ) n aui(, ) n— C2 auz(, ) N 3u1(, ) n;— CO
ZAWE" O, 1\ oy, O, iPa g

1 0

Equating powers of order ¢=2 in (5.3) and (5.4) gives

0
A Ol
dy; 1jpq Ay,

0
_9 C2 8u,(,)
ayj P gy,

and equating powers of order e~" in (5.5):

1 Ouf,o)
Ciipa—, — g

07 yte

07 yGQO

0
R ﬁul(,)

nj = P gy j
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auz(,o) n 8u§;1)
Iy 9Yq
0

—_— nj} +O(52) =0

. 8u,(31)

0yq

0

© dy; >}+O(5)—fiay€Q1
9 (o oul 0 (o oul o ( o |
87 mpq 8y (97 qu ay 8y Cmpq

(5.3)

i 8u§,1)
0yq

0 8u1(90)
gy

(5.4)

(5.5)

(5.8)



Notice that from multiplying (5.6),(5.7) by ugo) and integrating over their respective domains we
have :

8u 8u(0) 8u 8u( ) 8u(0)
1 P P _ 1 P _
/Q Cispa dyq Oy, dy +/ P gy, Oy; dy = /r Clispa ayqg |
1

using the fact that if f is Q-periodic then |, BQ y)dy = 0, where 0Q is the surface of (). Notice
that from (5.8) the right hand side of (5.9) equals zero. Now using the positive definiteness of C;
and the fact Cy is non-negative we have

/ ol 8u1(7 ) au( ) +/ o2 au,(,o) 8u£0) —0
o P Oyq Oyp o Jg, M Oyq Oy

>0

S| Vy (@)

which implies

’vy(um))’ 0, yeQ. (5.10)

Equating powers of ¢! in (5.3), (5.4), using (3.6) and (3.10) gives:

9 AulV 9
_Giyj (Cilqu a;q ) 8y (Cllqu pq) y € Q1 (5.11)

9 AulV 9 v
_Ty]’ (Ciszq a;q ) 8y (CZQJpq [8332 + “g,q}) ) y € Qo (5.12)

Seek a solution of the form
s UO
Ng (y)ngZ(x?t% yte
ul (@, y,t) = (5.13)

o 0
N (y) 92 (2,1) — yr 922 (2,,t), y € Qo

therefore (5.11) and (5.12) become

0 . ONY' o 4

Ous ijpa 5, ) T .14
dy; (Czypq Ay > "oy, (Ciirs) » y €@ (5.14)
o (5 ONF o

Ous ijpa” 5, | . 1
y; (Czypq Ay, > ayj (CZJTS)7 y € Qo (5.15)

Equating the powers of ¥ in the boundary condition (5.5) gives
Cllqu ( g+ Nogu 25) CZQJpq ( g+ Nggu 70"5) nj (5.16)
Equating powers of € in (5.3) and (5.4) we have
9 1 8“9 cl 8u§, : 1 1 0 0
aTJj (Ciqu Ay, - pl“ —fi— f ( wpq) Br prq pai ~Clijpq <N£7;1 Ur,sj Nf; rsq) y e
(5.17)
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0 9 3u1(92) - 9 0 o Ov 2 70 r, 0
ou- (Ciqu Oyq = po (@] +¥i) = fi = Cllpgtip jq — s Ciquaiyz — Cijpg [ Ny jtrsq + Niqu TSJ]

v 0*v 0 0%v,
C? rip 2 P _ = (C? NP0
+ Clinath g w1 gy a0, ayy Cie) [N s =g 5 v EQ
(5.18)
and equating the power of £ in (5.5) gives
ou? ou? vy 0*v
Cl YYp (2 P Cl Npr 0 CO 02 NPTy, 0 , p
ura gy, = “ijpg Mg ijpg!Vs Ursq"i+Cijpg 8 M+ Cijpg | Vs Ursqg =Y 9,0z, "
(5.19)
First solvability condtion for u(®.
From greens formula and remembering the normal is unit outward normal to )y we have:
] ou ) ouy ou ou
— | CZ pd/ clL ”d:—/clp —c2 -] ds.
/Q . 0y ( e gy, y+ (“)g e gy, y . e gy, 1”] P gy, OnJ
(5.20)

Substituting (5.17)-(5.19) into (5.20) we have:

. ) 0
/Q (pu? - fl) dy + /Q pOU? dy - /Q (Ciquug,jq + Ciqu [stug sj + Nf; Bsq] + @ (Oiqu) Ngrug,sq> dy
0 J

0 0 Ovp P, , 0%, 0 2 0%v, B
+ /0 { dy; (Ciqua ) + ijqyra 0740y, + Clipg 0,01, T dy; (Clipa) Yr Oz, 0z, dy =

ov 9%v
0 2 T 0 1 T 0
/F < Cszqa “n ClJqup rsqli + ClJqup rsqli + ijqua al;qn') ds.
(5.21)

We can see from integration by parts that

/ ijpq Y, s] qu dy—/ y; Cijpq) dY+/ (Czlaqupr Esq CZQJqupT gsq n;) ds,

and from divergence theorem

0 o Ovp 3vp
_/Qo ayj (Ciquayq> / m)qa ds,

finally notice that

2
— _ 2 p
/ Clquyr 3xr8mq8yj dy = /QO {ay (Cszq) Yr a‘rraqu + Clqua 8 } dy+/ ijqyra a n;j ds.

Therefore (5.21) reduces to
/ pﬁ? dy —l—/ pot; dy — / Cijpq (5pr5q5 + Ngg) ug’jq dy = / fi dy. (5.22)
Q Qo Q Q
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Second solvability condition:

Multiplying (5.18) by any w € V and integrating over Qo:

o ( o, oul?
Qo aiyj Ciqu ayq wj dy {PO (’U, + Uz) fz} Wy dy zgpq p]qwi dy

a 0 aUp 9 r 0 .
— /C; @ (Clqua> wi dy / Cfupq |:.Z\[Sp‘7 qu Nqu TS]] wi dy
0

/ Yr o ——w; dy+/ s W dy/ i(02 ) (NP o — ur O%vy w; dy.
“arq O:ET(')xqayJ 9P O, Qo Oy ~ PV T g 0,0z,
(5.23)
Notice that @
0 5 Ou 9 out? ow;
/Q o <Cl.qu ap >w, dy = — / Ciipg a; o dy =0, (5.24)
0

ow; 0
/ z]qu;m; gsqwl dy _/ z]pqa . Ng;r 95] dy+/Q ay (CZ2]PCI> Np?" 25(1 dy’ (525)
(0]
and

/ Yr5—F 5 U w; dy =
9PaIT e 8xq8y]

aw v B 82v (5.26)
_ 2 ¢ d Pid_/ 2 ——2w; dy.
/Qo Cijpaz, dy; c%srﬁxq y = / P4 &, 8azqw y 00 O (Cm)q) Y 8$r8$qw y
A,_/

=0

Therefore (5.23) reduces to

0 ov

L0 | 0 p "0

/ £0 (uz + vi) w; dy —/Q Oy (prqa > w; dy — / iipg quwl dy — / zgququ 7 Wi dy
0

0
fiw; dy.
Qo
(5.27)

(5.27) can be further reduced by the use of the following result
Conjecture: ®(z) =0, where

/ s NTfS + 5p7~5q5) pq]wzdy, w; €V

Proof
By multiply ®(x) by an arbitrary test function ¢(x) and integrate over Q and using integration by
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parts:

/ o(x UTS (Nrp + 5prc5qs) ug’qui dxdy = / )CZQJTS ( P+ 5p7«5q5) n
Qo Q2 JQo

= — |y, L 8 0,s) u dxd
o 60y (0, ) G (2 ) i

0%w; 0[8 9 ]
" Ciirs (NG + 0prdgs dxdy, V .
/ Qo(;5 y al’q ay] ( J ( pred )) e d)(x)

(5.28)

as we can see from (5.15) the right hand side of the above (5.28) equals zero and therefore this

implies

/ ijrs NT,?S + 5107“5‘15) PQJwZ dy = 0.

Therefore (5.27) reduces to

0 ov
po (t; + ;) w; dy —/ — (C’i- > w; dy = fiw; dy.
/Qo ( ) Qo dy; P 0yq Qo

(5.22) and (5.30) is our homogenised system of equations:

(p), W+ (pot),, — div (CRmVW0) = (f) ., 2€Q

P [po (@0 + ¥) — divy (C°V,y0)] =P[f] y€Qo, z€Q.
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O

(5.30)

(5.31)

(5.32)
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